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Abstract
We construct non-Abelian N = 2 on-shell vector multiplets in five and in four dimensions.
Closing of the supersymmetry algebra imposes dynamical constraints on the fields, and these
constraints should be interpreted as equations of motion. If these field equations should not
be derivable from an action, we find that supersymmetry allows a broader class of target-space
geometries than the familiar rigid (very) special manifolds. These theories moreover have more
general potentials due to the possibility of including Fayet-Iliopoulos terms in the non-Abelian
case. We show that by introducing an action, we recover the standard results. Finally, we
relate the five- and the four-dimensional theories through dimensional reduction and discuss the
corresponding generalised r-map.
1Aspirant FWO
1 Introduction
During the past decade, special geometry has proven to be a rich and interesting subject. One of
the main reasons why these geometries got so much attention is that this class of manifolds is quite
restrictive and hence manageable.
Theories with 32 supersymmetries are completely fixed, and the only possible set of fields is the
supergravity multiplet. In theories with 16 supersymmetries there are already matter multiplets,
but only a discrete set of possible target manifolds exists. Subtleties aside, these theories are
completely fixed by the number and type of the multiplets considered. The next possible theories
have eight supersymmetries and for those, there is already enough freedom to define the target
space geometry through continuous families of coupling functions. Because of the large amount of
symmetry though, a lot of structure is imposed on these coupling functions. Therefore, the set of
special manifolds is restrictive.
Rigid special geometry was first studied in [1, 2]. One of the most important applications is in
the research on dualities, initiated by the Seiberg-Witten papers [3,4]. Other important connections
with special geometry were found in the study of Calabi-Yau compactifications [5, 6] and in the
AdS/CFT correspondence [7]. More recently, with the advent of brane-world scenarios [8,9], N = 2
supergravity again captioned attention.
Because of this reconsideration of N = 2 supergravity, the target space geometry of the corre-
sponding rigid supersymmetric theories is also studied. For instance, in constructing supergravity
theories through the superconformal tensor calculus approach [10–12], one starts with superconfor-
mal matter multiplets for which the superconformal gauge fields act as a background. In these cases,
the target space geometries are those of the rigid theories, possibly with some extra structure.2
In [12] it was found that the target space for rigid hypermultiplets can be a hypercomplex
space when the equations of motion are not derivable from an action. If they are, there is a
compatible metric and the hypercomplex manifold becomes hyperka¨hler. When such a theory is
coupled to vector multiplets by gauging isometries in the hypercomplex target space, one encounters
difficulties as the vector multiplets are off-shell, and dynamically coupling a theory with an action
to one without, does not seem to make much sense. This is the main motivation of the present
letter. We will construct an on-shell vector multiplet and will find that the possibilities for the
target manifold are more general than in the usual off-shell case.
Theories defined by equations of motion that are not derivable from an action are quite fre-
quently encountered. There are different reasons why an action principle might not be at our
disposal. First of all, the theory can contain an (anti-)self-dual field strength, like in the case of
type IIB supergravity. In these cases, at least a simple action formulation does not exist. Another
possibility is that the theory is constructed using generalised Scherk-Schwarz reduction with a sym-
metry that leaves the equations of motion invariant, but not the action. The reduction should then
be performed on the equations of motion, and the resulting equations might not be derivable from
an action any more. A quite well-known example is the massive IIA supergravity constructed using
the scaling symmetry of the equations of motion of eleven dimensional supergravity [13–15] but
other examples exist [16]. A final class of classical supersymmetric field theories for which there is
no action are the ones with a non-Riemannian target space and a torsionless affine connection on
the tangent bundle. The above mentioned hypercomplex manifolds for rigid hypermultiplets are
examples of the latter. Other examples are quaternionic spaces in N = 2 supergravity coupled to
2E.g. a conformal Killing vector field.
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hypermultiplets [11] and complex flat geometries in the N = 1 four-dimensional Wess-Zumino mul-
tiplet [17]. We close this paragraph by mentioning that in string theory, one can find the equations
of motion of the background fields directly by demanding the vanishing of the beta functions, to
ensure conformal invariance. Afterwards, an action might (or might not) be constructed.
The content of this letter is as follows. In Section 2 the rigid five-dimensional on-shell vector
multiplet will be constructed and the defining conditions for the geometry will be found. We will
also include Fayet-Iliopoulos terms in our discussion. In Section 3 we will use the Batalin-Vilkovisky
formalism to show that by demanding the existence of an action, the target space becomes a very
special real manifold. In Section 4 we will repeat the construction in four dimensions and compare
our results to the well-known off-shell theories with special Ka¨hler target manifolds in Section 5.
In Section 6 we will link the results of the previous Sections by dimensional reduction. Our final
Section 7 contains the conclusions. An Appendix with conventions is also added.
2 On-Shell Vector Multiplet in Five Dimensions
The purpose of this Section is to construct an on-shell N = 2 vector multiplet in five dimensions.
The fields should form a representation of the super-Poincare´ group and should be charged under
the action of the gauge group. The superalgebra contains an su(2) R-symmetry, under which the
gaugino is charged. The fields composing the multiplet, together with their numbers of degrees of
freedom and their su(2) weights are given in Table 1, and as is well-known, the number of bosonic
and fermionic degrees of freedom should match.3 If we would take the fields off-shell, the number
Field su(2) on-shell dof
σ 1 1
Aµ 1 3
ψi 2 4
Table 1: Fields in the N = 2, d = 5 vector multiplet
of fermionic degrees of freedom would double, while the corresponding number of bosonic modes
would only increase by one. Therefore, to compensate this mismatch between bosons and fermions,
the off-shell vector multiplet contains an additional auxiliary bosonic field in the 3 of su(2).
The commutator of two supersymmetries should always contain a translation, but in the most
general off-shell case, it turns out that the algebra also contains a field-dependent gauge transfor-
mation [12,18].
[δ1, δ2] = δP (
1
2 ǫ¯2γ
µǫ1) + δG(−12 iσI ǫ¯2ǫ1) , (2.1)
where δP is the translation and δG the gauge transformation. This algebra closes on all fields. One
then proceeds by building a supersymmetric action, which is completely specified by a symmetric,
gauge-invariant three-tensor CIJK (see also Section 3). The target space geometry is then called
rigid (or affine) very special real and is Riemannian with metric CIJKσ
K .
In on-shell multiplets, the closing of the supersymmetry algebra imposes dynamical constraints
on the fields. More specifically, calculating the commutator of two supersymmetries on the fermions,
one finds that there appears a non-closure functional of the fields at the right-hand side. This
3I.e. after elimination of degrees of freedom with the gauge invariances and the equations of motion of the system.
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functional is then interpreted as the equation of motion for the fermions. One can then find the
other equations of motion by considering the supersymmetry transformation of the latter.
We start with the following transformation rules for the fields.
δσI = 12 i ǫ¯ψ
I − gfJKIαJσK , (2.2)
δAIµ =
1
2 ǫ¯γµψ
I + ∂µα
I + gfJK
IAJµα
K , (2.3)
δψiI = −12 i /DσIǫi − 14 /F
I
ǫi +A(ij)Iǫj − gfJKIαJψiK , (2.4)
where ǫi is the parameter for supersymmetry transformations and αI the one for gauge transfor-
mations. We found these rules by taking arbitrary transformations for the vector and the gaugino,
and asking compatibility with the supersymmetry algebra. In this process, it turned out that in
the most general case, the supersymmetry algebra is (2.1) and the fields should transform as men-
tioned above. Another important point to make is that the field-dependent (and yet unknown)
object A(ij)I in (2.4) (which transforms in the 3 of the R-symmetry group) stands in place of the
auxiliary field in the off-shell case.
The field strength F Iµν , the gauge-covariant derivative Dµ on a general object Y
I transforming
in the adjoint of the gauge group and the gauge covariant d’Alembertian are defined as
F Iµν = 2∂[µA
I
ν] + gfJK
IAJµA
K
ν ,
DµY
I = ∂µY
I + gfJK
IAJµY
K
✷σI = ∂µD
µσI + gfJK
IAJµD
µσK . (2.5)
It is now easy to check that the algebra (2.1) is realised on the bosons. To do the same calculation
for the gaugino, we need an Ansatz for the transformation of the field-dependent object A(ij)I ,
which we take to be
δQA
(ij)I(σ,Aµ, ψ
i) = −ǫ¯kζk,(ij)I . (2.6)
where ζk,(ij)I is a field-dependent spinor in the 2×3 of su(2). Expanding ζk,(ij)I = εk(iζj)I + ζ(ijk)I
we can see that ζ(ijk)I should be zero by trying to close the algebra (2.1) on the fermions. In
conclusion, the transformation rule (2.6) becomes
δQA
(ij)I(σ,Aµ, ψ
i) = ǫ¯(iζj)I . (2.7)
The algebra on the fermions ψiI then yields
[δ1, δ2]ψ
iI = δP (
1
2 ǫ¯2γ
µǫ1)ψ
iI + δG(−12σI ǫ¯2ǫ1)ψiI
− 316 ǫ¯2ǫ1ΓiI − 316 ǫ¯2γµǫ1γµΓiI − 116 ǫ¯
(i
2 γ
µνǫ
j)
1 γµνΓ
I
j , (2.8)
ΓiI = /DψiI + i gfJK
IσJψiK − 2ζ iI , (2.9)
where the non-closure functional ΓiI is the equation of motion for the fermions.
To know the explicit expression for ζ iI we need the field-dependence of the object A(ij)I , which
can be inferred from its transformation rule (2.7) together with dimensional considerations. Starting
from the dimensions of the fields shown in Table 2 and supposing that there do not exist objects
of negative dimension, the most general expression for A(ij)I reads
A(ij)I = gf (ij)I(σ)− 12 i γIJK(σ)ψ¯iJψjK , (2.10)
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where γIJK is symmetric in its lower indices. The first term will turn out to be the on-shell coun-
terpart of a Fayet-Iliopoulos term. By using the rules (2.2-2.4) we can calculate the transformation
of A(ij)I , which now only is compatible with (2.7) if the following equations hold:
∂Jf
(ij)I + 2γIJKf
(ij)K = 0 , (2.11)
γILMγ
M
JK = −12∂LγIJK . (2.12)
Note that the requirement (2.12) follows from the terms in δQA
(ij)I which are cubic in the gaugino.
From the study of the symmetry algebra, we can infer two more conditions which should hold
in the non-Abelian sectors of the gauge theory. As can be checked on the bosons, the commutator
of a supersymmetry and a gauge transformation should vanish. On the fermions, this condition
implies that A(ij)I transforms in the adjoint representation of the gauge group. This leads to the
other defining conditions for the geometry:
fJL
KσL∂Kf
ijI − fJKIfKij = 0 , (2.13)
2fJ(L
MγIK)M − fJMIγMKL + fJMNσM∂NγIKL = 0 . (2.14)
We can now completely determine all equations of motion as the non-closure functional ΓiI
transforms under Susy as
δΓiI = −38 i γIJKψ¯iJΓjKǫj − 38 i γIJKψ¯iJγµΓjKγµǫj + 116 i γIJKψ¯iJγµνΓjKγµνǫj
−12 i ∆Iǫi − 12ΞIµγµǫi , (2.15)
where ∆I is the equation of motion for the real scalar σI and ΞIµ the one for the real vector A
I
µ.
All dynamical constraints thus read
ΓiI = /DψiI + γIJK /Dσ
JψiK + 12 i γ
I
JK /F
J
ψiK − 12∂KγIJLψ¯iJψjLψKj + 2 i gγIJKf ijIψKj
+ i gfJK
IσJψiK ≡ 0 , (2.16)
∆I = ✷σI + γIJKDµσ
J
D
µσK − 12γIJKF JµνFµνK − 12∂LγIJKψ¯L /DσJψK − 14 i ∂KγIJLψ¯J /F
L
ψK
− 532∂M∂KγIJLψ¯LjψJkψ¯Mk ψKj − 18∂KγIJLγJMN ψ¯KjψLkψ¯Mk ψNj + 14∂KγIJLγKMN ψ¯LjψJkψ¯Nk ψMj
+12 i gfJK
Iψ¯JψK + i gγIJKf
J
LMσ
M ψ¯LψK + i g∂Jγ
I
LMf
ijLψ¯Ji ψ
M
j + i g∂Jγ
I
LMf
ijJ ψ¯Li ψ
M
j
+2g2γIJKf
ijJfKij ≡ 0 , (2.17)
ΞIµ = D
νF Iνµ − 14γIJKεµνρστF νρJF στK + 2γIJKDνσKF Jνµ + i γIJKψ¯JDµψK
+14∂Mγ
I
JKψ¯
Mγµ /F
J
ψK − 12 i ∂LγIJK ψ¯Lγµ /DσJψK − 532 i ∂M∂KγIJLψ¯LjψJkψ¯Mk γµψKj
−18 i ∂(KγIL)JγJMN ψ¯MkψNjψ¯Lk γµψKj − gfJKIσJDµσK + 12gfJKI ψ¯JγµψK
−g∂JγILMf ijLψ¯Ji γµψMj ≡ 0 . (2.18)
Note that the last term in (2.17) is a more general potential than in the off-shell case, since it can
be present in the non-Abelian sectors of the theory. As we already mentioned, the action, and
hence the equations of motion for off-shell vector multiplets, are completely fixed by a tensor CIJK .
Similarly, the dynamical constraints in the on-shell case are determined by a new object γIJK which
is symmetric in its lower indices. In the Abelian factors of the gauge theory and in the absence of
a Fayet-Iliopoulos term, (2.12) is the only constraint and we will show in the next Section that it
is the counterpart of the fact that CIJK is constant. In the non-Abelian case, the transformation
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of the object γIJK should be compatible with (2.14), which is to be compared to the demand that
CIJK is gauge invariant.
In the Abelian off-shell case, we can add a constant term (the Fayet-Iliopoulos term) to the
equation of motion of the auxiliary field, which yields a potential in the action. The on-shell
counterpart is the object f (ij)I which in the Abelian case satisfies (2.11). In the non-Abelian case,
this FI term should also satisfy (2.13) but is not eliminated by it. This is a major generalisation
as in the off-shell case non-Abelian FI terms are not possible.4
3 Action in Five Dimensions
In this Section, we will show that the existence of an action reduces the set of equations in Section
2 to the well-known ones of very special geometry. More specifically, we will show that we can
construct a standard action only if the object γIJK can be linked to the above mentioned tensor
CIJK .
In a general non-linear sigma model, the scalars are considered to be coordinates on the target
space. In a suitable formulation, the equations of motion then transform covariantly under coordi-
nate transformations and as a consequence, there appears a connection in the kinetic term for the
scalars
✷σx = ∂µ∂
µσx + Γxyz∂µσ
y∂µσz . (3.1)
In general, this (torsionless) connection is affine. If we demand that this equation of motion is to
be derivable from an action with a standard kinetic term, i.e.
L = −12gxy∂µσx∂µσy + . . . , (3.2)
the connection is metric preserving. Thus, since the existence of an action requires the introduc-
tion of a new object, namely the metric on the target space, the target space geometry becomes
Riemannian.
This is a rather general observation for non-linear sigma models, but in our case more care might
be needed. The reason is mainly that we are working in special coordinates in which target space
diffeomorphisms are not manifest. Therefore, the equations of motion (2.16)-(2.18) do not seem to
be covariant under general coordinate transformations and the object γIJK should rather be seen
as the on-shell counterpart of CIJK than to be considered a connection. This cautionary remark
aside, we will proof that in the off-shell case γIJK can be related to the Levi-Civita connection
corresponding to the special real metric (in special coordinates) gIJ = CIJKσ
K .
Without referring yet to the explicit form of the Lagrangian, we need one more object to
characterise the theory if the equations of motion (2.16)-(2.18) should be derivable from an action
functional S, as we have
δS
δψ¯Ii
= gIJΓ
iJ , (3.3)
and similarly for the other equations of motion. We will suppose that the object gIJ depends on
the scalars σI only.
Paralleling the discussion in [17], we will use the Batalin-Vilkovisky formalism [19–21] to retrieve
the conditions for the existence of an action. The main advantage of this formalism is that the
explicit form of the classical action should not be known, although we will list it at the end of the
4In the case of local (off-shell) supersymmetry, su(2) FI terms exist.
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field dim gh afn anti-field dim gh afn
σI 0 0 0 σ∗I 1 −1 1
AIµ 0 0 0 A
∗µ
I 1 −1 1
ψiI 1/2 0 0 ψ∗iI 1/2 −1 1
cµ 0 1 0 c∗µ 1 −2 2
ci 1/2 1 0 c∗i 1/2 −2 2
αI 0 1 0 α∗I 1 −2 2
L 2 0 −
Table 2: Dimension, ghost number and anti-field number of all fields
Section. In the BV formalism we introduce a ghost for every symmetry. If the symmetry is rigid,
the ghost field is taken to be constant. Moreover, for every field, we introduce an anti-field. The
BV action SBV now keeps track of all algebraic relations between the fields by ensuring the validity
of the master field equation
(SBV , SBV ) = 0 . (3.4)
We will now introduce translational ghosts cµ, supersymmetry ghosts ci, gauge symmetry ghosts
αI and anti-fields, and expand the BV action up to anti-field number 2.
SBV =
∫
d5x L0 + L1 + L2 + . . . ,
L1 = σ∗I cµ∂µσI +A∗µI cν∂νAIµ + ψ¯∗iIcµ∂µψiI + 12 iσ∗I ψ¯Ic+ 12A∗µI ψ¯Iγµc
+ψ¯∗iI
(
−12 i /DσIci − 14 /F
I
ci − 12 i γIJKψ¯iJψjKcj + f (ij)Icj
)
− gσ∗I f IJKαJσK
+Aµ∗I Dµα
I − gψ¯∗iIf IJKαJψiK ,
L2 = −14c∗µc¯γµc+ c¯(iψ
∗j)
I c¯iψ
∗
jJg
IJ − 12gα∗If IJKαJαK + 14 iα∗IσI c¯c+ 14α∗IAIµc¯γµc , (3.5)
where L0 denotes the classical (unknown) Lagrangian. Of course, the BV action can have terms with
higher anti-field number and to consider the form of these terms, we need to know the dimension,
ghost number and anti-field number of each field (see Table 2). For consistency the dimension of
each field together with its anti-field should add up to the same number, which we take to be equal
to one. As a consequence, none of the fields have negative dimension. Using the fact that each
term in the Lagrangian should have dimension two and vanishing ghost number, we can construct
terms with higher anti-field number, but none of these terms will spoil the arguments below.
In the master equation (3.4) we concentrate on terms cubic in the supersymmetry ghost cI and
quadratic in the gaugino anti-field ψ∗iI and find
1
2 i ∂Ig
JKψ¯Icc¯(iψ
∗j)
J c¯iψ
∗
jK − 2 i gIJγKILψ¯∗(iKck)ψ¯kLcj c¯(iψ∗j)J
= 12 i ψ¯
Icc¯(iψ
∗j)
J c¯iψ
∗
jK(∂Ig
JK + 2γ
(J
ILg
K)L) + 2 i γ
[J
ILg
K]Lc¯(iψ
∗
j)J c¯
(iψ
∗k)
K ψ¯
jIck = 0 . (3.6)
This is equivalent with the following conditions.
∂Ig
JK + 2gL(Jγ
K)
IL = 0 , (3.7)
γI,JK = gILγ
L
JK = γ(I,JK) . (3.8)
6
The first condition means that the object γ introduced in the previous Section can now be seen as
a Levi-Civita connection with respect to the metric gIJ . The second is the complete symmetry of
the first Christoffel connection coefficients. Applying those conditions to (2.12), we find that these
first Christoffel connection coefficients should be constant, and we will take
γI,JK =
1
2CIJK . (3.9)
This relation implies that gIJ = CIJKσ
K + aIJ where the last term is an integration constant.
In the Abelian case, the only other condition we need to consider is (2.11), which implies that
f
(ij)
I = gIJf
(ij)J is constant.
The non-Abelian case is slightly more involved as there are two more conditions to be solved.
Using the above expressions for the metric and the connection, (2.14) can first of all be solved
trivially if the metric is constant, as the corresponding γIJK is zero. If the three-tensor CIJK is
differing from zero, the same condition (2.14) is solved if aIJ = 0 and the three-tensor is gauge-
invariant
fI(J
MCKL)M = 0 . (3.10)
In both cases, the condition on the FI terms (2.13) implies that they are vanishing.
To conclude this Section, we give the action (for aIJ = 0) together with the field equations.
S =
∫
d5x CIJKσ
K(−12DµσIDµσJ − 14F IµνF Jµν − 12 ψ¯I /DψJ)− g2CIJKσIfJijf ijK
−18 iCIJKψ¯I /F
J
ψK − 14 i gfIJKCKLMσLσM ψ¯IψJ + 12 i gCIJKf ijIψ¯Ji ψKj
+ 116CIJMCKLNg
MN ψ¯iIψjJ ψ¯Ki ψ
L
j
− 124CIJKεµνρστAIµ(F JνρFKστ + gfLMJALνAMρ FKστ + 25g2fJLMfNPKALνAMρ ANσ APτ ) ,
δS
δψ¯Ii
= gIJΓ
iJ ,
δS
δσI
= gIJ∆
J − 12CIJKψ¯JΓK ,
δS
δAµI
= gIJΞ
J
µ − 12 iCIJKψ¯JγµΓK .
(3.11)
The action without FI terms equals the one in [12] after elimination of the auxiliary field Y ijI by
its algebraic equation of motion.
4 On-Shell Vector Multiplet in Four Dimensions
We can now parallel the construction of Section 2 to give a generalisation of special geometry. The
on-shell field content of a vector multiplet is given by a complex scalar X, a vector Aµ and two
fermions Ωi and Ω
i [1, 2]. As in the five-dimensional case, the off-shell multiplet has in addition
an auxiliary real scalar field in the 3 of the su(2) R-symmetry group. In the present context, the
field-dependent object A(ij)I in (4.3) stands in its place.
The supersymmetry transformation rules again are very similar to the off-shell case.
δXI = ǫ¯iΩIi − gfJKIαJXK , (4.1)
δAIµ = ε
ij ǫ¯iγµΩ
I
j + h.c. + ∂µα
I − gfJKIαJAKµ , (4.2)
δΩIi = /DX
Iǫi +
1
4
/F
I
εijǫ
j −AI(ij)ǫj + gfJKIXJX¯Kεijǫj − gfJKIαJΩKi . (4.3)
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In our conventions (see also the Appendix), the position of the su(2) indices on the spinors denote
their chirality. The field-dependent tensor AI(ij) should transform as
δAI(ij) = ζ¯(i|Iǫ|j) − ζ¯kIǫlεk(iεj)l . (4.4)
The commutator of two supersymmetries now again yields a translation, a field dependent gauge
transformation and non-closure functionals (when imposed on the fermions), which are interpreted
as dynamical constraints on the physical field ΩIi , hence as equations of motion.
[δ1, δ2]Ω
I
i = ξ
a
DaΩ
I
i + δG(2ε
ij ǫ¯2iǫ1jX + h.c.)Ω
I
i − 14ξaγaΓIi − 12 ǫ¯i[2γµǫj1]γµΓIj
−34εjiεlk ǫ¯k1ǫl2ΓjI + 18εjiεlkǫ
(j
1 γabǫ
l)
2 γ
abΓkI , (4.5)
with ξa = ǫ¯i2γ
aǫ1i + ǫ¯2iγ
aǫi1. We now choose an Ansatz similar to the five-dimensional case
AI(ij) = −12γIJKΩ¯J(iΩKj) + 12 γ¯IJKεk(iεj)lΩ¯kJΩlK , (4.6)
where the object γIJK both depends on the complex scalar X and its complex conjugate. Note that
for simplicity, we neglected the possibility of adding a Fayet-Iliopoulos term.
Determining the defining conditions for the geometry is a little bit more subtle than in the
five-dimensional case. Again, we have to demand that the Ansatz (4.6) is compatible with (4.4).
The defining conditions then follow from considering the terms cubic in the fermionic fields. If all
fields have the same chirality, the part completely symmetric in the gauge indices assumes already
the correct form (i.e. is compatible with (4.4)), due to (A.6). E.g.
ǫ¯kΩ
(I
(i Ω¯
J
j)Ω
K)
k =
1
2εk(iΩ¯
(I
j)Ω
J |
l ǫ¯
kΩ|K)m ε
lm . (4.7)
Therefore, the first equality of (4.8) will only restrict the part anti-symmetric in JL. In summary,
the defining conditions for the geometry now read
γIK[Jγ
K
L]M = −∂[JγIL]M , γIJK γ¯KLM = −∂J γ¯ILM , h.c. (4.8)
As in the five-dimensional case, the symmetry algebra imposes another restriction in the non-
Abelian case, as the tensor AI(ij) should transform in the adjoint under gauge transformations,
which implies a condition similar to (2.14).
∂Mγ
I
JKf
M
LNX
N + ∂¯Mγ
I
JKf
M
LNX¯
N − f ILMγMJK + 2fML(JγIK)M = 0 . (4.9)
With all this information, it is possible to find the complete non-closure functional for the fermions,
which transforms into the other equations of motion.
ΓIi = /DΩ
I
i + γ
I
JK
/DXJΩKi +
1
4 γ¯
I
JK
/F
J
ΩKjεji − 2gf IJKXKΩjJεji + gγ¯IJKfKLMXLX¯MΩjJεji
−12∂[L¯γ¯IJ ]KΩ¯lJΩjKΩkLεlkεji − 14∂(L¯γ¯IJ)KεjiεklΩ¯kJΩjKΩlL + 14 γ¯IM(LγMJ)KεjiεklΩ¯kJΩjKΩlL
−12∂L¯γIJKΩ¯JjΩKi ΩjL , (4.10)
∆I = ✷XI + γIJKDµX
J
D
µXK − 18 γ¯IJKF JµνFKµν − 116 i εµνρσ γ¯IJKF JµνFKρσ
+2g2f IJKf
J
LMX
KXLX¯M − g2γ¯IJKfKLMfJNPXLX¯MXNX¯P + fermions , (4.11)
ΞIµ = D
νF Iνµ +
(
γIJKD
νXJFKνµ +
1
2 i εµνρσγ
I
JKD
νXJF ρσK
+2gfJK
I
DµX
JX¯K + 2gγIJKfLM
KXLX¯MDµX
J + h.c.
)
+ fermions . (4.12)
As in the five-dimensional case, the target-space geometry is specified by an object γIJK which
depends on the scalar fields and for which the conditions (4.8) and (4.9) hold.
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5 Action in Four Dimensions
As in five dimensions, the introduction of an action requires the existence of a metric g on the target
space. Rather than repeating the complete discussion in Section 3, we will now immediately list the
conditions imposed on this metric as they are found using the BV formalism. First of all, the metric
turns out to be hermitian with respect to the standard complex structure J = i dXI⊗∂I− i dX¯I⊗∂¯I .
The other requirements are
∂Ig
JK¯ + γJILg
LK¯ = 0 , (5.1)
gIJ¯ = gIJ¯ = gI¯J , (5.2)
gL¯[Iγ
J ]
KL = 0 . (5.3)
The first relation (5.1) states that γIJK is the Levi-Civita connection with respect to this hermitian
metric, while the next equation (5.2) states that the metric is real. The last condition (5.3) again
implies the complete symmetry of the first Christoffel connection coefficients, i.e.
gI¯Lγ
L
JK = γI¯ ,JK = γ(IJK) . (5.4)
Using the above in the defining equations (4.8), it is easy to prove that this Christoffel coefficients
are derivable from a holomorphic functional F (X) of the scalar fields X. The same functional can
be used to specify the metric.
γI¯ ,JK = −2 iFIJK , (5.5)
gIJ¯ = −2 i (FIJ − F¯IJ) . (5.6)
For this, we adapted the following notation.
FI(X) =
δF (X)
δXI
, FIJ(X) =
δ2F (X)
δXIδXJ
, . . .
F¯I(X) =
δF¯ (X)
δX¯I
, F¯IJ(X) =
δ2F¯ (X)
δX¯IδX¯J
, . . . (5.7)
To discuss the other condition (4.9) which only holds for non-Abelian theories, we need to know
how the holomorphic functional F (X) transforms under gauge transformations. To be as general
as possible, we take
δGF = −gαIFJfJ IKXK = −gαICI , (5.8)
where CI is a general holomorphic functional of the scalar fields X. Using (5.6) and (5.5) we can
rewrite (4.9) as
∂I∂J∂KCL + 2 i g
NP¯FJKP (∂N∂ICL − ∂N¯∂I¯ C¯L¯) = 0 . (5.9)
Note that the two known cases [22, 23] δGF = 0 and δGF = −gαICI,JKXJXK with CI,JK real,
are certainly solutions to the above equation.
In conclusion, we have shown that if the equations of motion (4.10)-(4.12) can be deduced from
an action, γIJK is the Levi-Civita connection in special coordinates and the theory is completely
specified by a holomorphic functional of the scalar fields.
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6 Dimensional Reduction
The five-dimensional vector multiplet can be considered to be the dimensional reduction of the
N = 1 vector multiplet in six dimensions. This multiplet does not contain scalars and the five-
dimensional real scalar field originates from the sixth component of the higher dimensional vector.
If one further dimensionally reduces to four dimensions, one arrives at a theory with a complex
scalar as there is again a component of the five-dimensional vector which transforms trivially under
the broken Poincare´ group.
The reduction of off-shell vector multiplets from five to four dimensions implies a mapping of a
very special real manifold to a complex one, called a very special Ka¨hler manifold. The map is called
the r-map [24]. Such target spaces of four-dimensional vector multiplets are not the most general
ones, as the process of dimensional reduction leads to isometries in the target space. Therefore, the
image of very special real manifolds under the r-map is a subset of all special Ka¨hler manifolds. A
similar consideration holds in the present context.
We will now perform the Kaluza-Klein reduction of the theory presented in Section 2 (without
FI-like terms) to the one given in Section 4. Therefore, we will suppose that the fifth dimension is
a circle, and that all fields are periodic around this circle. In the Fourier expansion of these fields
we will only retain the zero mode. Moreover, the five-dimensional Poincare´ group is broken, such
that the fifth direction cannot be rotated into the others. As for the explicit Ansatz, the first four
gamma matrices remain, the fifth becomes the chirality operator γˆ4 = γ∗. A five-dimensional spinor
reduces to a left- and a right-handed four-dimensional one. More exactly, the reduction Ansatz for
the fermions, the Susy parameter and the non-closure functionals are
ψˆIi =
√
2(Ωi − Ωjεji) , ǫˆi =
√
2(ǫi + ǫ
jεji) , Γˆ
I
i =
√
2(ΓIi − ΓjIεji) . (6.1)
The first four components of the vector remain. The fifth component AˆI4 together with the real
scalar σˆI form the complex scalar field XI . The dimensional reduction of the bosonic equations of
motion works similarly.
XI = 12 (Aˆ
I
4 − i σˆI) , ∆I = 12(ΞˆI4 − i ∆ˆI) , ΞˆIµ = ΞIµ . (6.2)
As a consequence of the fact that AˆI(ij) = A
I
(ij),
5 we find that
γˆIJK = −12 i γIJK = +12 i γ¯IJK , (6.3)
which means that the reduced γIJK is purely imaginary. Due to (6.3), the four-dimensional γ’s only
depend on the five-dimensional scalar, i.e.
γˆIJK(σ)→ γIJK(X − X¯) . (6.4)
The reduction of (2.12) then yields
∂Lγ
I
JK = −γILMγMJK , ∂L¯γIJK = −γ¯ILMγMJK , (6.5)
which is a stricter demand than (4.8), while the reduction of (4.9) does not render any new infor-
mation.
In the off-shell case, the theories in the image of the r-map have holomorphic functionals of
the form F (X) = CIJKX
IXJXK , which is only a subset of the allowed functionals. Similarly for
on-shell vector multiplets, dimensionally reduced γIJK ’s satisfy (6.5) and hence are more restricted
than in generic four-dimensional theories.
5This can easily be seen from the dimensional reduction of the supersymmetry transformation rules.
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7 Conclusions
In this letter we constructed on-shell rigid supersymmetric N = 2 vector multiplets in five and
in four dimensions. The equations of motion were found as dynamical constraints on the fields
imposed by the closure of the supersymmetry algebra. It was found that the target-space geometry
is specified by an object γIJK which generalises the results from (very) special geometry. Due to new
Fayet-Iliopoulos terms, we were able to find more general potentials than the on-shell non-Abelian
theory allows for. It was also discussed that the requirement of an action restricts the theories to
the well-known ones of (very) special geometry. A generalisation of the r-map was also given by
considering dimensional reduction.
There are various possible ways of further study. First of all, the meaning of the γIJK ’s might
be clarified. One could also use this multiplet to gauge isometries in hypercomplex manifolds. This
construction might then be used to perform a hypercomplex quotient. One could also couple these
multiplets to supergravity to find generalisations of local (very) special geometry.
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A Conventions
We use the conventions of [25] but highlight some important aspects here.
A.1 Four Dimensions
Anti-symmetrisation and symmetrisation, respectively denoted by [. . . ] and (. . . ), is done with unit
weight. The gamma matrices satisfy the following Clifford algebra.
{γµ, γν} = 2ηµν , (A.1)
where the Minkowski metric is mostly plus. The chirality matrix is γ∗ = i γ0γ1γ2γ3. The duality
conditions for the gamma matrices are
1 = + 14! i εabcdγ∗γ
abcd , γa = − 13! i εabcdγ∗γabc , γab = −12 i εabcdγ∗γcd . (A.2)
The spinors are taken to be Majorana. The position of the su(2) index indicates the chirality
of the spinor. A left-handed spinor has eigenvalue +1 wrt the chirality matrix, and aλ denotes the
chirality γ∗λ = aλλ. We used two Fierz identities frequently.
• For aλ = aψ, we have
λζ¯ψ = −12ψζ¯λ+ 18γabψζ¯γabλ . (A.3)
• For aλ = −aψ, we have
λζ¯ψ = −12γaψζ¯γaλ . (A.4)
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We define the number t(n) by
λ¯iγ(n)χi = t(n)χ¯iγ(n)λ
i , (A.5)
and its value can be found in Table 3. If at least one of the spinors is commuting, the right-hand
side in (A.5) and in the above Fierz-identities should be multiplied by −1. This is important when
using the Batalin-Vilkovisky formalism where the anti-field of a fermion is a commuting spinor, as
is the ghost field corresponding to a supersymmetry.
From (A.3) and (A.5), we can deduce an important Fierz-identity (which trivially holds for
commuting spinors).
λ(iλ¯jλk) = 0 . (A.6)
A.2 Five Dimensions
Most of the conventions are the same. Spinors are taken to be symplectic Majorana. The four-
dimensional chirality matrix becomes γ4. On a spinor, the su(2) index has no additional mean-
ing. Therefore it is not written in a bispinor that is a scalar under the R-symmetry group :
λ¯iγ(n)ψi ≡ λ¯γ(n)ψ. Raising and lowering of su(2) indices is now done using the North-West South-
East convention:
εijAj = A
i , Ajεji = Ai . (A.7)
The signs t(n) defined in (A.5) are also shown in Table 3. The basic Fierz identity is
λiζ¯
i = −14(ζ¯λ+ ζ¯γaλγa − 12 ζ¯γabλγab) . (A.8)
For commuting spinors, the sign t(n) should be opposite and the right-hand side of the
Fierz-identity should be multiplied by −1.
n= 0,4 1,5 2 3
d=5 + + − −
d=4 + − − +
Table 3: t(n) in various dimensions
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